Four-component ͑spinor͒ solutions of the Dirac equation may be approximated by L-spinor expansions. We discuss their orthogonality and completeness and relate L-spinor properties to those of the Coulomb Sturmians. The mathematics of Rayleigh-Ritz approximations for one-electron Schrödinger and Dirac operators provides a rigorous setting for applying finite L-spinor matrix approximations to the relativistic hydrogenic atom. Convergence of eigenvalues and eigenvectors with respect to the size of the L-spinor set, of expectation values of quantum-mechanical operators, sum rules, and perturbation expansions is examined. The contribution to perturbation sums over states from solutions with eigenvalues in the continuum range (mc 2 ,ϱ) ͑electronic scattering states͒ and (Ϫϱ,Ϫmc 2 ) ͑positronic scattering states͒ is shown to be essential to get accurate results.
I. INTRODUCTION
L spinors were first mentioned in ͓1͔, although they were introduced with a different name in an earlier paper "͓2͔, ͓Eq. ͑71͔͒… ͑see also ͓3͔, p. 240 and ͓4͔, Sec. 22.6.3͒. Although they have played a major role in our development of techniques for solving Dirac-Fock͑-Breit͒ equations for atoms ͓2,4-6͔ and molecules ͓8-11͔, relativistic correlation studies ͓2,7͔ and related problems in quantum electrodynamics ͓12-15͔, we have not previously given a full description in print. Recently, Szmytkowski ͓16͔ introduced what he called relativistic Coulomb Sturmians, which somewhat resemble L spinors, though there are quite profound differences of detail, and his description of our work, based on the limited published material, is misleading. This paper aims to give a definitive account of L spinors and their applications to enable readers to evaluate their usefulness. A secondary, but no less important, aim is to show that despite the common belief that it cannot be done, the Rayleigh-Ritz method can be applied to Dirac-Coulomb and related operators as long as the trial solutions are expanded in spinor basis sets that span the correct operator domain.
The Dirac Hamiltonian for a single particle ͑we only consider electrons and/or positrons in this paper͒ is
where ␣,␤ are the usual 4ϫ4 Dirac matrices, c is the speed of light, p is the three-momentum operator, and V(r) is the potential energy of interaction of the particle with an external electric field, the nuclear Coulomb attraction V(r)ϭϪZ/r in this paper. We shall always use atomic ͑Hartree͒ units, so that mϭ1 and cϷ137. Dirac solutions therefore are four component spinors, whose properties are defined in standard texts. We shall adhere in this paper to the conventions of ͓4͔.
The stationary state solutions in such a spherically symmetric potential for energy E have the form
The two-component spinor m (,) is a coupled spin-orbit function "see, for example, Ref. ͓4͔, Eq. ͑22.92͒ for a full description…. The angular quantum number is related to the total angular-momentum quantum number j by ͉͉ϭ jϩ 1 2 , with jϭ 1 2 , 3 2 , . . . and the quantum number m, representing the component of total angular momentum on the quantization axis Oz, can take values in the range Ϫ j,Ϫ j ϩ1, . . . , jϪ1,j. The spinor m (,) is associated with an orbital angular-momentum quantum number l having lϭ j ϩ1/2 if is positive and lϭ jϪ1/2 if is negative. These functions form a basis for the irreducible representation D j of SO͑3͒ for both signs of and are the fundamental building blocks for constructing atomic and molecular wave functions. A major difference from Schrödinger wave functions is the coupling of spatial and spin degrees of freedom, expressed by the four components of the Dirac spinors. The coupling of these components by the Dirac operator determines the asymptotic behavior of the wave functions as r →0, the region in which the dynamic effects of relativity largely originate. An understanding of the structure and symmetry properties of Dirac spinors is therefore essential for the effective use of relativistic wave functions ͓4͔.
Sturmian functions have long been advocated in nonrelativistic quantum mechanics because they allow wave functions, for bound states or for scattering, to be expanded in a complete countable set of eigenfunctions of a convenient form ͓17,18͔ and the range of applications is now quite wide. We therefore start with a brief account of the properties of Coulomb Sturmians, introducing ideas and relations that serve in part to motivate the definition of L spinors that follows. We connect the orthogonality and completeness properties of L spinors to those of Coulomb Sturmians by exam-*Electronic address: ipg@maths.ox.ac.uk ining the nonrelativistic limiting behavior as c→ϱ. The emphasis in this paper will be on using L spinors in the context of the Rayleigh-Ritz procedure for Dirac Hamiltonians. As many have claimed that this approach is doomed to failure, we next give an account of the relevant mathematics that is sufficiently rigorous to support this work and related applications in relativistic quantum mechanics and quantum electrodynamics. Some of the mathematical background was previously summarized in ͓3,4͔; the present paper covers aspects not previously discussed.
The theory is illustrated with several applications, starting with electronic states of the hydrogenic atom for which exact analytic results are available. The large and small components are each expanded in matched L-spinor subsets of the same dimension, using the radial amplitudes ͕ f n
, respectively, and we examine the convergence of bound-state solutions for different values of the symmetry quantum number as N increases, and examine the influence of the tuning parameter . The completeness of the L-spinor expansions is important for calculating sumover-states expressions in perturbation theory. We illustrate this by way of calculations on the static polarizability of hydrogenic atoms, and through the very instructive model in which the nuclear charge of a hydrogenic atom is changed from Z to ZϩZЈ, which we studied earlier ͓19,20͔. Here, we know the exact answer, and the calculations provide strong evidence of the completeness of L-spinor expansions provided the negative-energy states are included. More importantly, it also shows that the partition between positive-and negative-energy states depends on the choice of potential, exposing the major flaw in proposals to eliminate the influence of negative-energy states with projection operators.
II. THE COULOMB STURMIAN FUNCTIONS

A. Definition and properties of Coulomb Sturmians
The nonrelativistic Sturmian functions are defined by ͓17,18͔ as the normalized solutions of the differential equation
͑3͒
vanishing at the end points rϭ0 and rϭϱ. The integers n ϭ1,2,3, . . . and lϭ0,1, . . . ,nϪ1 correspond to the usual nonrelativistic quantum numbers and E 0 is a fixed, negative number. The parameter ␣ nl must be adjusted to ensure that the boundary conditions are satisfied. The functions are orthonormal with respect to the weight function V(r) ͑which must be strictly of one sign, usually negative͒ so that
The most important case is that in which V(r) is a Coulomb potential V͑r ͒ϭϪ Z r , 0ϽrϽϱ.
We set E 0 ϭϪ 2 /2, and rewrite Eq. ͑3͒ in terms of the independent variable xϭ2r, so that
having the solutions
nϭlϩ1,lϩ2, . . . , which vanish at xϭ0 and xϭϱ provided
The L k ␣ (x) are Laguerre polynomials ͓21͔ and N nl is a normalization constant. We recover the standard solutions for the radial hydrogenic eigenfunctions when ␣ nl ϭ1, giving E 0 ϭϪZ 2 /2n 2 . Notice that ͑and therefore E 0 ) is fixed for the Coulomb Sturmians whereas ϭͱϪ2E 0 depends upon n for the Schrödinger eigenfunctions.
The properties of the orthogonal polynomials L k ␣ (x) are listed in many compilations such as ͓21͔. When ␣у1 they are orthogonal on (0,ϱ) with weight function w(x)ϭe
͑7͒
The generating function
͑8͒
can be used to write down explicit representations of the polynomials. It also provides an economical means of evaluating integrals of the form
for integer values of p for which this integral exists by identifying the coefficient of t k u kЈ in the integral
Two cases have immediate application Case A. pϭϪ1: then
͑10͒
which agrees with Eq. ͑7͒ if we put ␣ϭ2lϩ1 and kϭnϪl Ϫ1. Case B. pϭ0: This gives the Gram ͑overlap͒ matrix G of Coulomb Sturmians. In this case
͓͑1Ϫt ͒͑ 1Ϫu ͔͒ so that there are nonvanishing matrix elements for kЈϭk Ϯ1 as well as for kЈϭk. We shall normalize the Sturmians so that
͑11͒
so that, remembering kϭnϪlϪ1, Eq. ͑10͒ gives
The nonvanishing elements of the Gram matrix, are thus
͑13͒
B. Completeness and linear independence
The classical proof that the orthonormal system (2/x) , it is often more convenient to use the unweighted Sturmians, so that the Gram matrix of the set ͕ nlm (r)͖ is tridiagonal in each infinite lm subset.
The completeness and linear independence of the Sturmians has to be reexamined in this context.
In a finite set of dimension N, positivity of the Gram determinant, det G (N) Ͼ0, is sufficient to ensure that a set is linearly independent. This is equivalent to the statement that for every finite set ͕ n ͖ nϭ1 N , there exists a biorthonormal set
where (,) is the appropriate inner product. For any ⌿ in the span of the set ͕ n ͖ nϭ1 N , then we can decompose ⌿ in the form 
where I (N) is the N-dimensional identity matrix. Things are not quite so simple for infinite sets, and there are several inequivalent criteria for linear independence in Hilbert spaces. For our purposes, the minimality property is the most useful: an infinite set of functions is said to be minimal if no single element k can be approximated with arbitrary precision in the linear span of the remaining elements of the set. A minimal set has a BOS, so that the expansion coefficients c k n of an element P n ⌿ϭ⌿ (n) in the span of the finite subset ͕ 1 , . . . , n ͖ can be determined from the equation
independently of the way in which c k n is calculated. Moreover, the expansion coefficients converge to the expansion coefficients of ⌿ itself as n→ϱ.
In this setting, it is easy to see that the Coulomb Sturmians have BOS with elements S nl * (x)ϭ(2/x)S nl (x) Thus all eigenvalues lie in the interior of the interval ͑0,2͒ so that every finite subset of the Coulomb Sturmians has a positive definite Gram matrix. The condition number of the matrix
when N is large, so that the system is very well conditioned and there is little danger of linear dependence problems in practice.
This estimate fails when lϭ0, as g n,nϩ1 ϭϪ1/2 independent of the value of n. However, since G (N) is a tridiagonal matrix with diagonal elements 1 and subdiagonal and superdiagonal elements Ϫ 1 2 , it is easy to show that det G (N) never vanishes, so that we still have linear independence.
III. DIRAC L SPINORS
The Dirac L spinors are defined as relativistic analogs of the Coulomb Sturmians. We envisage representing Dirac four-component wave functions as linear combinations
of a form similar to that of Eq. ͑2͒. In terms of the independent variable xϭ2r, Ͼ0 constant, the L-spinor amplitudes are given by the formulas " ͓4͔ Eqs. ͑22.146͒ and ͑22.147͒…
The labels L,S identify the ''large'' and ''small'' components of the Dirac spinor in a conventional way, n r is a non-negative integer, and
are, respectively, the leading exponent of the power series expansion of the functions about xϭ0 and the apparent principal quantum number. The L spinors are solutions of the differential equation system
where c is the speed of light (cϷ137 in atomic units͒, and 2 is a root of the equation
which ensures that f n r L (x)→const S n r l (x) in the nonrelativistic limit c→ϱ which we study below. The analog of the nonrelativistic energy parameter E 0 ϭϪ 2 /2 is given by
The boundary conditions as r→0 and r→ϱ are satisfied when
and the L-spinor amplitudes coincide with Dirac-Coulomb eigenfunctions P n (r) and Q n (r) having principal quantum number nϭn r ϩ͉͉ when ␣ n r ϭ1.
A. L spinors in the nonrelativistic limit
It is essential that our construction should coincide with the nonrelativistic Coulomb Sturmians in the limit c→ϱ, corresponding to instantaneous propagation of electromagnetic disturbances, and this can be done directly from the definitions ͑15͒ and ͑16͒. It is easy to see that ␥→͉͉, N n r →n, so that for negative values of ϭϪlϪ1, we have
using "͓21͔, Eq. ͑22.7.30͒… in the second line. Similarly for positive ϭl, remembering that n r у1 in this case, we have
using "͓19͔ Eq. ͑22.7.31͒… in the third line. Since n r ϭnϪl Ϫ1, we have proved that
for both signs of in the nonrelativistic limit. A similar analysis shows that for both signs of ,
which may be expressed in terms of the criterion of strict kinetic balance
The kinetic balance criterion simply states that the large and small component amplitudes should be related according to the Pauli approximation, guaranteeing consistency with nonrelativistic equations in the limit c→ϱ ͓27͔.
B. Orthogonality properties
The standard orthogonality properties of Laguerre polynomials can be used to write down L-spinor generalizations of Sturmian properties. However, an orthogonality relation with respect to the weight function 1/x can be written down in an elementary way from Eq. ͑18͒. Multiplying from the left by the adjoint vector ͓ Ϫ1 f n r Ј L , f n r Ј S ͔ and subtracting the result from the corresponding equation with n r and n r Ј interchanged gives
Thus the integral vanishes if the eigenvalues ␣ n r and ␣ n r Ј are different. Although this reduces to the Sturmian orthogonality relation ͑7͒ in the nonrelativistic limit, the integrand is not obviously positive definite and the result is not very useful. However, it is easy to use the elementary results of the previous section to write down the elements of the Gram matrix. The normalization factor N n r is the same for both f n r L (x) and f n r S (x), and is given by the equation
In a similar fashion we can easily show that
TϭL,S
where L ϭϪ1 and S ϭϩ1. It is straightforward to show that the L-spinor Gram matrices reduce to the Gram matrices for Coulomb Sturmians ͑apart from the sign of the off-diagonal elements͒ in the nonrelativistic limit. Writing g (N) ϭG (N) ϪI (N) , we see, by expanding with respect to the last row, that
with f (1) ()ϭϪ and f (2) ()ϭ 2 Ϫg 12 2 . We conclude inductively that f (2k) () and f (2kϩ1) ()/ are polynomials in 2 of degree k, so that the eigenvalues of G (N) are in the interval (1Ϫ N ,1ϩ N ), where
where C is a positive constant. The eigenvalues of f (N) are distributed symmetrically about ϭ0 when N is even, and there is an additional zero eigenvalue when N is odd. Thus
when N is large, so that the linear independence behavior is very similar to the Coulomb Sturmians.
C. Completeness of L spinors
We can establish completeness of L spinors in a variety of Hilbert spaces by exploiting the following ͓͑24͔, Lemma 5͒.
Lemma 1 (Klahn) . Let ͕ n ͖ nϭ1 ϱ be a complete system in a Hilbert space H. Moreover, let a n , (1ррn) be arbitrary complex numbers with a nn 0. Then the system
To apply this to the L spinors, we note that Eqs. ͑15͒ and ͑16͒ can be written
Since a n r ,n r Ϫ1 ϭϪ(1Ϫ␦ n r ,0 ), only the second term contributes when n r ϭ0 for both signs of . Also since N 0, ϭ͉͉, the first nonvanishing L spinor for Ͼ0 has n r ϭ1. We infer that the radial amplitudes appearing in Eq. ͑14͒ have formal L-spinor expansions and that the L spinors are both complete and minimal on the Sobolev spaces ͓W 2 (p) (R 3 )͔ 2 for pϭ1,2. We shall see that this is exactly what we need for constructing trial wave functions for the Rayleigh-Ritz approximation of Dirac four-component wave functions.
D. Charge conjugation and L spinors
One of the most important symmetries of the Dirac equation is charge conjugation which, loosely speaking, sets up a correspondence between electron and positron states. Under charge conjugation, Dirac four-spinors transform like
where the superscript t denotes transposition and ϭ*␥ 0 is Dirac conjugation. The matrix C is given by
When the radial amplitudes P(r),Q(r) are real, it is easy to show that if
Under this transformation, expectation values of the position variable and the charge-current vector remain invariant, whilst those of spin, orbital, and total angular momentum change sign, as does the sign of the energy parameter E and the sign of Z coupling the electron to the external Coulomb potential. By making the corresponding changes
in Eq. ͑18͒ we see that L spinors retain the charge conjugation symmetries of the Dirac eigenfunctions on which they are modeled. Since the mapping ↔ Ϫ1 is equivalent to changing the sign of the energy parameter E 0 R ϭ ϩͱ1Ϫ 2 /c 2 , Eq. ͑20͒, we infer that L-spinor expansions will be able correctly to represent positron ͑negative-energy electron͒ states as well as bound states. This assertion will be clarified in the discussion of L-spinor applications that follows.
IV. THE RAYLEIGH-RITZ METHOD FOR SCHRÖ DINGER AND DIRAC OPERATORS
In view of the misunderstanding of the status of the Rayleigh-Ritz methods for Dirac problems in atomic and molecular physics, it is useful to begin with a review of the known mathematical results and to see how they can be applied to both nonrelativistic and relativistic cases.
A. The Rayleigh quotient
Applications of the Rayleigh-Ritz method in quantum mechanics usually assume that one is dealing with a selfadjoint, non-negative, compact operator T, defined on a domain D contained in a Hilbert space H. Such an operator has an ordered set of non-negative eigenvalues 0р 1 р 2 р••• with due regard for multiplicity, with corresponding eigenfunctions 1 , 2 , . . . , respectively. The Rayleigh quotient, defined ͑in Dirac bra-ket notation͒ by
R͓͔ª͉͗T͉͘/͉͗͘, ͑27͒
evidently exists for all nontrivial D. The Rayleigh-Ritz method assumes that we can approximate every such by its projection, P n , on a finite dimensional subspace W n ª͕ 1 , 2 , . . . , n ͖ʚD, so that there exists some set of coefficients ͑in general complex͒ for which
A simple calculation shows that
where c n ϭ(c 1 n ,c 2 n , . . . ,c n n ) t , c n † is its Hermitian conjugate, and T n ,S n are nϫn Hermitian matrices with elements
respectively. The Gram matrix S n must be positive definite if Eq. ͑29͒ is to have a meaning, so that the set W n must be linearly independent. We shall henceforth require that this be true for every set of functions meriting consideration. The Gram matrix is the n-dimensional identity matrix if the functions i are orthonormal, but we have already seen that Coulomb Sturmians and L spinors are not of this type.
This manipulation approximates the Rayleigh quotient by an algebraic function F n ͓c n ͔. Elementary calculus tells us how to find its stationary points as the roots of the Galerkin equation ͓͑28͔, p. 395͒
where ⌳ n is a diagonal eigenvalue matrix whose elements can be ordered so that
with due regard for multiplicity. We denote the corresponding eigenvectors, the columns of c n , by c 1 n ,c 2 n , . . . ,c n n . It is customary in the quantum-mechanical literature to show at this point that the lowest eigenvalue ⌳ 1 n is an upper bound to the true eigenvalue 1 n . This is attributed to the fact that T is a positive definite operator, and the conclusion is easily generalized to encompass all operators T which are bounded below. However, this needs to be seen in a more general setting given by the following theorem ͓͑28͔, pp. 397-398͒.
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Theorem 1 (Poincaré). Let T be as defined above. Then the eigenvalues of the Galerkin equation ͑31͒ are upper bounds to the target eigenvalues
Stakgold ͓28͔ lists a number of comments, in particular the following. ͑1͒ If T is nonpositive then ϪT is non-negative, and all the above holds with the inequalities reversed. ͑2͒ If T is indefinite then the inequalities for non-negative T hold for the upper part of the spectrum whilst those for nonpositive T hold for the lower eigenvalues.
͑3͒ Increasing the size of the set W n generally improves the approximation. In practice, one would like to use a complete set of functions Wª͕ i ͖ iϭ1 ϱ spanning the domain D, so that W n spans an increasing subspace of D as n increases. Then ⌳ i n → i as n→ϱ because the compact operator P n T →T in the operator norm.
B. Convergence of Rayleigh-Ritz approximations
We need rather more precise criteria of convergence if we are to rely on the Rayleigh-Ritz approximations on finite basis sets. Not only do we need to have some idea how close our estimates of eigenvalues are to the exact values, we should like to know in what sense the approximate eigenfunction P n approximates the true eigenfunction and whether approximate expectation values and transition matrix elements constructed from approximate wave functions are sufficiently close to the true values to be of practical use.
The convergence of Rayleigh-Ritz eigenvalues and eigenfunctions of nonrelativistic quantum Hamiltonian operators was analyzed in ͓24͔. Let Tϭp 2 /2 be the usual particle kinetic energy, and consider the Sobolev space W 2
(1) ʚL 2 equipped with the norm
Klahn and Bingel ͓22͔ establish that the Rayleigh-Ritz approximate eigenvalues converge to the eigenvalues of the target Hamiltonian ͑which they term E convergence͒ if the set W is complete in W 2 (1) . Moreover, the approximation i n ª P n i to the ith bound state converges in the mean to the eigenfunction i whenever the corresponding eigenvalue, E i n , converges to E i as n increases. Thus we have only to construct a basis set that is complete in W 2
(1) to be certain of E convergence both to eigenvalues and eigenfunctions of the Hamiltonian.
This analysis has been extended by Klahn and Morgan ͓29͔ to the convergence of expectation values and transition matrix elements. Let A be a strictly positive operator, selfadjoint on a domain D(A), and define a new A norm by
With the related scalar product, this induces a new Hilbert space with the A norm. We say that a set of functions is A-complete if it is complete in this space. This is a direct consequence of two inequalities
Thus the set W must be A complete if a sequence of eigenfunctions ͕ n ͖ generated by the Rayleigh-Ritz method is also to give a convergent sequence of approximations ͗A͘ n . We can avoid having to deal with A-completeness if the operator A is relatively form bounded by T: that is, there exists a pair of non-negative numbers a,b such that
This includes a wide range of operators: bounded operators, for which we can set bϭ0; Coulomb potentials; T itself ͑with aϭ0 and bϭ1); components of the momentum operator p; and nonrelativistic atomic and molecular Hamilto-nians, say H S . Clearly, T can be relatively form bounded by H S ϩk, where kϾ0 is chosen large enough that H S ϩk has a purely positive spectrum. Then if ͉͗A͉͘ satisfies Eq. ͑34͒, we choose kϾ0 so that Tϩk is strictly positive, and the sequence n is E convergent to in the Tϩk norm, then
so that ͕ n ͖ is also A convergent to . This means that it is sufficient for W to be complete in the Sobolev space W 2 (1) . Finally, it is straightforward to show that transition matrix elements of the form ͗ i n ͉A͉ j n ͘ converge to the desired limit ͗ i ͉A͉ j ͘ as n→ϱ provided the sequences ͕ i n ͖ and ͕ j n ͖ are also A convergent.
C. Extension to Dirac operators
Operator domains
The Dirac operators occurring in atomic and molecular physics calculations have many features in common with Schrödinger operators but the analysis reveals some essential differences. The first step is to identify a domain on which the Dirac operator is essentially self-adjoint. The books of ͓30͔ ͑Chap. V.5͒, ͓31͔ ͑Chap. X͒, and ͓32͔ have a common strategy, which is to identify a suitable domain in the relevant Hilbert space in which the free particle Hamiltonian H 0 is essentially self-adjoint and then to establish the largest class of potentials V such that HªH 0 ϩV is essentially selfadjoint on D (H 0 ͉͗V͉͘ infinite ͓͑4͔, Sec. 22.5͒, so that the physics requires exclusion of the irregular solution to make the expectation of V finite. This behavior can also be interpreted in the language of the theory of differential equations either as a transition of the behavior at the origin from a limit-point description for ␥Ͼ1/2 to a limit-circle description for ␥Ͻ 1 2 ͓͑33͔, Chap. 11͒, or in terms of the theory of deficiency indices ͓͑31͔, Chap. X͒.
The idealized point charge nucleus is not a good enough model for the heavier elements, or for very accurate work anywhere in the Periodic Table, and one can then replace the Coulomb potential by one which is infinitely differentiable. In this case H is again essentially self-adjoint on D(H 0 ) ͓͑33͔, Theorem 4.3͒. The extension to many-electron atoms or molecules is not considered in ͓33͔, but there seem to be no insuperable difficulties once the single particle case has been understood.
Rayleigh-Ritz method for the Dirac operator
We now have a mathematical framework in which we can study the Rayleigh-Ritz method for Dirac operators. 
͑37͒
Later we shall identify the expansion functions M ͓T,nm,r͔,TϭL,S with the L spinors ͑15͒ and ͑16͒, but at this stage we merely assume that the set is complete in  D(H 0 ) . The Galerkin equations take the form
in which all the submatrices are of dimension NϫN. The Gram matrices denoted by S TT , TϭL,S, and V TT are the corresponding matrices of the potential V. The matrices ⌸ TT ͑where T ϭS when TϭL and vice versa͒ are given by
The system is Hermitian and has real eigenvalues. The original operator H(0) has a pure absolutely continuous spectrum consisting of two disjoint intervals Ϫ ϭ(Ϫϱ,Ϫmc 2 ͔ and ϩ ϭ͓mc 2 ,ϱ). Suppose that is an arbitrary trial function in D(H 0 ), and let E ͑ ͒ϭ͉͗H͑ ͉͒͘ϭE ͑ 0 ͒ϩV , where V ϭ͉͗V͉͘. Suppose that has been chosen so that E (0)Ͼmc 2 . Since V has, by hypothesis, a strictly negative expectation, V Ͻ0, then E ()ϽE (0) decreases monotonically as increases from 0 to 1, and we shall have mc 2 ϾE ()ϾϪmc 2 if E (0) is not too large. 3 As only point eigenvalues of bound states can lie in (Ϫmc 2 ,mc 2 ), E () will approximate a bound-state eigenvalue for values of in some interval 0Ͻ 0 рр1. A sufficient condition that E (1)ϾϪmc 2 is that 0ϾV уV min ϾϪ2mc 2 , so that no state of the positive-energy spectrum can ever enter the ''negative-energy sea'' as approaches unity. Of course, a state with E (0)ϽϪmc 2 will have E ()ϽϪmc 2 for all values 0рр1. Another way of putting this is to say that the positive-energy eigenvalues are bounded below ͑by mc 2 ϩV min ϾϪmc 2 ), and the negative-energy eigenvalues are bounded above ͑by Ϫmc 2 ), in the manner suggested by Stakgold ͓28͔. This behavior applies also to the eigensolutions of the Galerkin equations ͑38͒. We shall see that with L spinors ͑and with other admissible sets of expansion functions discussed by ͓4͔, with matched sets of N functions for both large and small components, we obtain a discrete pseudospectrum having N eigensolutions in the interval Ϫϱ ϽE i N ϽϪmc 2 (iϭ1,2, . . . ,N) and N in Ϫmc 2 Ͻmc 2 ϩV min ϽE i N Ͻϱ (iϭNϩ1,Nϩ2, . . . ,2N). As N increases, the lower eigenvalues of the upper set, E Nϩ1 N ,E Nϩ2 N , . . . , converge to the lowest bound-state eigenvalues from above, exactly as they do in nonrelativistic calculations. The solutions with eigenvalues in the continuum regions, EϾmc 2 above and EϽϪmc 2 below, represent continuum ͑standing-wave scattering solutions͒ in a region 0ϽrϽR n () of size depending on the state and on the arbitrary parameter before decaying exponentially as r→ϱ. This behavior is consistent with the discussion following the Poincaré theorem.
Provided the Coulomb potential is not too strong, we see that the spectrum has two disjoint parts, and that the domain D(H) is the union of two disjoint subspaces, D ϩ and D Ϫ . This suggests we define a new form of convergence, D convergence (D for Dirac͒ on D ϩ with the norm ʈʈ D ϭ͉͗H͑0 ͉͒͘, ᭙ such that ͉͗H͑0͉͒͘уmc
. ͑39͒
For basis sets that are complete with respect to this norm we can infer ͓3͔ the following. ͑i͒ Rayleigh-Ritz convergence in D ϩ for bound-state energies and eigensolutions of the one-electron Dirac operator for atomic potentials. This may be extended to manyelectron atoms and molecules ͑in the Born-Oppenheimer approximation with the nuclei in fixed positions͒ without difficulty.
͑ii͒ A version of A convergence for operators that are relatively form bounded by H(0) on D(H). Fortunately, this class includes most of the interesting operators in atomic and molecular physics:
͑1͒ Bounded operators: constants, Dirac ␣ and ␤ matrices, and operators such as ␣ϫr and ␣•A, where A is the vector potential of some external field.
͑2͒ Powers r ,уϪ1. ͑3͒ Components of momentum p and combinations such as ␣•p.
͑4͒ Other pieces of the Dirac operator itself.
V. APPLICATIONS TO RELATIVISTIC ATOMS
This section reviews some applications of the preceding theory of Rayleigh-Ritz methods to a range of physical problems. Much of the power of L spinors derives from the ability to write down simple algebraic expressions for the effective Hamiltonian in hydrogenic problems. The difficulty of evaluating matrix elements for the electron-electron interaction with L spinors effectively rules out their use in manyelectron systems. Fortunately other sets of functions are available for that purpose ͓͑4͔, Sec. 22.6.3͒.
For simplicity, we shall define aª2␥, and exploit Pochhammer's symbol
We also use the notations 
V mn
where L ϭϪ1 and S ϭϩ1. The kinetic energy matrices are
whilst the symmetric tridiagonal Gram matrices S TT are related to the expressions ͑24͒ by
where the additional factor 2 arises from the change of an independent variable from x to r. It is convenient that the parameter only enters these matrix definitions as a constant multiplier, so that it is easy to assess the effect of making changes to its value.
A. Hydrogenic atoms
Matrix diagonalizations were done using standard EISPACK routines with Fortran double precision arithmetic taking the speed of light cϭ137.035 989 5 a.u. ͑the currently accepted value of the reciprocal fine-structure constant͒.
The numerical method appears to be very stable. The eigenvalues of the Gram matrices lie, as predicted ͑25͒, in the range (1Ϫ N ,1ϩ N ) , where 0Ͻ N Ͻ1. Typical values of N and the condition number k N appear in Table I . These are much smaller than the condition numbers, of order 10 8 , reported for methods that use unrestricted kinetic balance ͓35͔. Typical values of the lowest eigenvalue of the system
the same for TϭL and TϭS, estimating the lower bound V min ͑Sec. IV C͒, are shown in Table II . This lower bound is in the gap (0,Ϫ2mc 2 ) for ZϽ135, well beyond the atomic number Zϭ118 which is usually taken as the limit of selfadjointness of the Dirac Coulomb operator. The L spinors are constructed from functions that have a finite expectation of 1/r, so that the condition to extend the range of Z from Z ϭ118 to 137 is satisfied. We have successfully generated solutions when ͉͉ϭ1 even for values of Z as close to critical as 137.035 989, where V min ϽϪ2mc 2 though the accuracy is no longer very good. This should not cause surprise, as the condition V min ϾϪ2mc 2 is sufficient, but not necessary. We can generate solutions for larger values of ͉͉ up to Zϭc͉͉ in the same way.
Convergence of the solution as the basis-set dimension N is increased follows the expected pattern. The matrix diagonalizer produces ordered eigenvalues, in which those numbered Nϩ1,Nϩ2, . . . ,2N correspond to the positive spectrum, and those numbered 1, . . . ,N lie below Ϫ2mc 2 . The positive eigenvalues converge to the correct values from above, exactly as in nonrelativistic calculations, and for exactly the same reasons. A sample for Zϭ50, large enough to show some relativistic effects, appears in Table III , showing rapid stabilization of the lowest eigenvalues as N increases with ϭ50.0. The special choice ϭZ/N n r ensures that the n r eigenstate is represented by a single L spinor, although the correct ͉͉ degeneracy, ⑀ 2s ϭ⑀ 2p 1/2 , ⑀ 3p 3/2 ϭ⑀ 3d 3/2 , . . . , and the correct fine-structure ordering. The (Nϩ1)th eigenvalue is always the lowest bound state of its symmetry and there are no spurious states, interlopers, or pathological behavior characterized as ''finite basis-set disease'' and ''continuum dissolution'' in such papers as ͓36͔.
The Nth eigenvalue of each symmetry is always the highest in the ''negative-energy sea'' and is always safely below the upper bound Ϫ2mc 2 . Since there are no bound states, we expect to see no convergent sequences of eigenvalues as N increases nor do we find any. The sensitivity of the highest negative eigenvalue to both N and , Table IV , illustrates these conclusions.
B. Static dipole polarizability of relativistic hydrogenic atoms
This much studied problem ͑see ͓16͔ for the extensive literature͒ can be used to illustrate two uses of L-spinor completeness: evaluation of matrices of simple functions of coordinates, and the evaluation of perturbation sums. The second-order static dipole polarizability ␣ zz for the state ͉ 0 ͘, energy ⑀ 0 , of a hydrogenic atom is given by the for-
where the restriction n 0 excludes 0 from the sum over states. In the Dirac case, the sum includes both positive-and negative-energy eigenstates. For brevity, we treat only the 
Szmytkowski has presented analytical expressions for the quantities ⌬ ϩ1 and ⌬ Ϫ2 "͓16͔, Eqs. ͑182͒-͑184͒… with which we have compared our numerical results in Table V . These have been obtained by computing the sums
where superscripts ϩ/Ϫ designate the two branches of the pseudospectrum and the matrix elements are now purely radial. It is convenient to choose the tuning parameter to have the value ϭZ, so that the 1s reference state 0 is represented exactly by the L spinors with n r ϭ0,ϭϪ1. The basis-set dimensions N have been adjusted so that
The value ϭ10
Ϫ6 used in Table V ensures agreement of our numerical values with the analytic values to six significant figures. We have done similar calculations at higher precision, but these take longer to run.
The results are relatively insensitive to the choice of over a wide range, consistent with the completeness of L-spinor sets. However, it also influences the rate of convergence of perturbation expansions making it essential to examine the sensitivity to in each application.
C. A simple perturbation problem
Perturbation calculations show the completeness properties of L spinors to advantage, in this case to study the convergence of the perturbation expansion of the energy of a hydrogenic atom in which the nuclear charge is perturbed from Z to ZϩZЈ in powers of ZЈ. This model was first studied nonrelativistically by Rossky and Karplus ͓37͔; it has the advantage that the states of the unperturbed system are known exactly, as is the final answer, so that the error at each order of perturbation is easy to establish. In the nonrelativistic case, the sum over all diagrams contributing to the energy of order k vanishes for kϾ2, since ⑀ nl ϭϪ(ZϩZЈ) 2 /2n 2 E h . However, there are usually several diagrams of order kу3 which should sum to zero for each value of k, but Rossky and Karplus found that this was only true approximately. Although summing over the discrete spectrum is straightforward, integrating over continuum states is troublesome. Whilst in principle this is just a quadrature, integrals over the perturbation ϪZЈ/r which are diagonal in energy diverge, so that the energy integration needs to be done with care. We showed ͓19͔ that all these difficulties could be avoided if we solved the Schrödinger equation for the nonrelativistic hydrogenic atom using simple finite basis sets of either exponential or Gaussian form. The more difficult Dirac case was studied in ͓20͔; the higher-order diagrams of order kу3 no longer sum to zero, and we found that it was essential to include negative-energy sums in order to get the analytic results obtained by expanding the Sommerfeld formula for charge ZϩZЈ in powers of ZЈ. Here we treat the perturbed 1s level, for which we have the simple formula
so that the perturbation series takes the form
where, using Taylor's theorem,
which clearly agrees with the nonrelativistic result in the limit c→ϱ. In the finite dimensional formulation, we have to evaluate the expressions
where ⑀ n (Z) is the eigenvalue associated with ͉ n ͘, the sum extending over the complete spectrum of positive-and negative-energy states. Table VI displays the results computed with block dimension Nϭ100 taking ϭZ to be fixed. This is not sufficient for the highest values of Z; the difference between the sum over states in the penultimate column and the exact value in the last column gives some idea of the error. The negative-energy state contribution grows roughly like Z 3 , and is clearly non-negligible for high Z, demonstrating that any perturbation of the Dirac Hamiltonian, whether one-electron or two-electron, contains contributions from unperturbed negative-energy states. Thus attempts to solve many-electron problems using methods that attempt to project out negative-energy contributions ͓36͔ always introduce unquantifiable errors as well as formidable technical complications.
VI. DISCUSSION
We have set out the theory of L spinors, and demonstrated their orthonormality properties. The theory of Raleigh-Ritz approximation has been formulated for Dirac operators, and we have illustrated it with applications to a range of problems in the theory of hydrogenic atoms using a basis of L spinors. We have verified the existence of a lower bound to the positive branch of the spectrum in the bound-state gap, and shown that in a basis of dimension N, the N lowest eigenvalues lie in the lower continuum region whilst the N highest approximate bound states and the positive continuum. The completeness properties of L spinors in the Hilbert spaces of Sec. IV C are essential for the convergence of perturbation sums in Secs. V B and V C. The numerical accuracy of these calculations depends upon the numerical stability of L-spinor expansions for large N, and we have found that the Gram matrices with Nϳ100 have condition numbers of order 10 3 , comparable to those of nonrelativistic Sturmians, rather than the order 10 8 quoted for extended small component basis sets in ͓35͔.
The applications discussed in this paper by no means exhaust applications of L spinors, although they are largely limited to problems involving hydrogenic atoms as it is extremely difficult to evaluate electron-electron interactions in a computationally practical way. For this reason, we have introduced other types of basis function, S spinors and G spinors, see for example ͓2-4͔ which have similar properties making them suitable for the Rayleigh-Ritz approximation of Dirac many-electron atomic and molecular problems. However, nonrelativistic Sturmians were originally introduced as a way to approximate the effect of continuum states ͓17,18͔ and these ideas can be extended naturally to the Dirac case.
The Dirac-Coulomb Sturmians defined by Szmytkowski ͓16͔ are closely related to the L spinors presented in this paper, although there are major differences. L spinors involve paired two-component basis sets for large and small components, whereas Szmytkowski deals only with fourcomponent objects and focuses on the construction of the Dirac-Coulomb Green's function. He has correctly noted that L spinors do not satisfy the differential equation of Ref. ͓4͔ ͓͑Eq. ͑22.145͔͒, an error corrected in Sec. III of this paper. However, his suggestion that the L-spinor basis sets are incomplete ͓͑16͔, p. 837͒ is clearly wrong ͑see Sec. III C͒. It is unlikely that we could have reproduced exactly the same results as Szmytkowski for relativistic hydrogenic polarizabilties had there been any substance to this claim. It is indeed gratifying that these two very different computational approaches to this problem agree so well.
